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We study self-propulsion (or locomotion) of a robot (or an underwater vehicle) in an
inviscid incompressible fluid. The robot’s body is rigid, while its locomotion ability is
due to an internal actuator, which can perform controlled translational and rotational
oscillations. Our attention is focused on two classes of the plane analytic exact solutions,
describing rectilinear locomotion. Solutions of the first class describe the tumbling loco-
motion, while the second class corresponds to the zigzag locomotion without tumbling.
We show, that tumbling locomotion is more efficient. Both classes of solutions show, that
the use of actuator allows to choose any desired direction and any speed of locomotion.
As a special case, we consider the self-propulsion caused by small-amplitude and high-
frequency actuator oscillations. The exact and elementary character of our solutions
makes the results potentially useful as the tests to verify physical and engineering models,
as well as numerical and asymptotic results. In contrary to many recent publications in
this area, the material is accessible to UG students in Engineering, Physics, and Applied
Mathematics.
1. Introduction
This paper presents exact solutions of rectilinear locomotion (or self-propulsion)
of an oscillating rigid body in a fluid. Studies of self-propulsion represent a
high-impact and extremely active area of fluid dynamics, where the majority
of related papers are devoted to the locomotion in a viscous fluid (biological
applications, micro- and nano-fluidics) or in an inviscid fluid (biological and engineering
applications). For a viscous fluid see e.g. Taylor (1951); Lighthill (1952); Childress
(1981); Childress, Spangolie, and Tokieda (2011); Nadal & Lauga (2014); Pedley
(2016); Pedley, Brumley & Goldstein (2016); Vladimirov (2013a,b) and reviews by
Elgeti, Winkler, and Gompper (2015); Quillen et al, (2016). For an inviscid fluid see
Benjamin & Ellis (1966); Saffman (1967); Miloh & Galper (1993); Childress (1981);
Colgate & Lynch (2004); Cui, Yang, and Sharma (2017). The connection between
these two directions is a subject of various physical and engineering models, as well
as intense computations, see e.g. Childress (1981); McHenry, Azizi & Stroher (2002);
Colgate & Lynch (2004); Childress at al. (2012). Our paper is devoted to the most
intriguing case: the locomotion in an inviscid potential flow without any shedding
of vorticity. The first related example belongs to Benjamin & Ellis (1966, 1990).
Saffman (1967) described a general mechanism of self-propulsion due to oscillations
of virtual (or added) mass. An extension of this idea to a viscous fluid is given in
Childress, Spangolie, and Tokieda (2011). Saffman considered an ellipsoid with an
eccentricity changing periodically with time. Simultaneously, there was an internal
mass (an actuator), oscillating along its main axis. The conservation of momentum
showed, that the averaged translational velocity of an ellipsoid was not zero. Then,
various aspects of the problem where developed by Kuznetsov, Lugovtsov & Sher
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(1967); Miloh & Galper (1993); Kelly (1998); Kozlov & Onishchenko (2003);
Melli-Huber at al. (2006); Chambrion, & Munnier (2011); Vetchanin & Kilin
(2016a,b). The majority of related recent papers have a mathematical character,
which require a rather advanced training for their understanding. In contrary, the focus
of our study is to analyse the rectilinear self-propulsion of an oscillating rigid body with
the use of elementary exact analytic solutions. We introduce a simple, but well-controlled
robot. Physically, the self-propulsion in our case is generated by oscillations of virtual
mass, related to periodic oscillations of body’s orientation, which represents an extension
of the original Saffman’s idea. Our solutions show that the robot can have any desired
direction of rectilinear locomotion and a speed, which is interesting for engineering
applications. Say, the robot of size 1m can move with an averaged speed ∼ 10cm/s
or faster. The exact solutions can also be useful to validate the results, obtained by:
computations, physical and engineering modeling, and the use of asymptotic methods.
In Section 2 we describe the construction of the robot and derive its equations of
motion. The robot consists of two pieces only: a rigid body and an actuator. The latter
represents a rigid body, performing controlled translational and rotational oscillations.
Our derivation of equations is similar to that of Lamb (1997); Benjamin & Ellis (1966);
Saffman (1967); Kozlov & Onishchenko (2003); Ilin, Moffatt, and Vladimirov (2017).
We concentrate our study on the most instructive (and confusing for some researchers)
case of the self-propulsion with zero values of total momentum and total angular mo-
mentum.
In Section 3 we present two classes of exact analytic solutions. The first class is the
tumbling locomotion, while the second class is the zigzag locomotion. The latter name
reflects the geometry of trajectory along with periodic oscillations in robot’s orientation.
Technically, our results are based on the splitting of robot’s motion into two parts: an
active motion with velocity V∗(t), and inertial oscillations X0(t). The main results are
given as simple exact formulae for robot’ velocity, and most importantly – for its averaged
velocity. We show that the direction of this velocity and the speed of self-propulsion can
be chosen arbitrarily. Remarkably, the tumbling locomotion has no oscillations in V∗(t),
hence it appears as much more efficient in terms of a ratio between the energies of
oscillatory and averaged motions. In the zigzag locomotion the oscillatory energy usually
dominates over the locomotion energy.
Section 4 is devoted to the examples, illustrating particular regimes of locomotion. In
Example 1 we present four particular cases of exact solutions for simplified regimes of
actuator’s motion. The simplest exact solution, presented in Example 2, may be seen
as the most interesting for engineering applications. Example 3 is devoted to clarifying
physical and mathematical roles of initial conditions. Here we also present the simplest
exact solution from a different class. In Examples 4&5 we derive some results, related to
small-amplitude robot’s motions. Here, we emphasise different possibilities of introducing
small parameters into the problem, including the case of Vibrodynamics, where small
amplitude of oscillation is complimented by its high frequency Vladimirov (2005). This
type of oscillations can be invisible for a naked eye, hence such moving robot can look
like a flying saucer, when it flies or swims in a fluid without any visible reasons. In
particular we show, that the averaged speed of self-propulsion is proportional to ε2,
where ε represents an amplitude of actuator’s vibrations. The self-propulsion velocity of
order ε2 is typical for a viscous fluid, see e.g. Lighthill (1952, 1975); Childress (1981);
Pedley (2016); Pedley, Brumley & Goldstein (2016); Vladimirov (2013a,b), therefore
the considered mechanism of self-propulsion is as efficient as that in a viscous fluid. In
Example 6 we give numerical estimations of averaged locomotion velocity, which show
that considered mechanism of locomotion may represent some engineering interest. At the
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end of the paper, we make few remarks, devoted to possible generalisations, applications,
and links to other areas.
2. Robot’s description and equations of motion
The plane mechanical system (we call it ‘a robot’) consists of a rigid body containing
an actuator, and moves in an infinite fluid. A body is symmetric with respect to two
mutually orthogonal axes (e.g. it is an ellipse), its centroid is a point O′. An actuator
represents, say, a rigid disc, which relative motion can be precisely controlled. A fluid is
homogeneous, inviscid, and incompressible; its motion is irrotational with a state of rest
at infinity. Any external forces are absent. We use three systems of cartesian coordinates:
OXY is an inertial laboratory system, O′xy is a moving system with the axes parallel
to OXY , and O′ξη is a system, fixed with a body; with directions ξ and η coincide with
the axes of body’s symmetry, see the figure. The mass and moment of inertia of a body
are M b and Jb. We denote M1 ≡ M
b + µ1, M2 ≡ M
b + µ1, and J
bf ≡ Jb + Jf , where
µ1, µ2 are the virtual masses of fluid in the ξ, η-directions and J
f is a virtual moment
of fluid inertia. An actuator mass is m, its moment of inertia is j. Motion of a body is
described by a vector X(t) ≡
−−→
OO′ and by an angle ϕ(t) between the x and ξ axes, where
t is time. The location of the actuator’s centre of mass is X(t) + x(t). We use following
notations
X(t) =
[
X
Y
]
, V b(t) ≡ X˙ =
[
U
V
]
xy
=
[
u
v
]
ξη
=
{
A
[
u
v
]}
xy
(2.1)
x(t) =
[
x
y
]
=
{
A
[
ξ
η
]}
xy
=
[
ξ
η
]
ξη
, A(ϕ) ≡
[
cosϕ − sinϕ
sinϕ cosϕ
]
(2.2)
V
d(t) = X˙ + x˙, x˙ =
[
x˙
y˙
]
xy
=
{
A
[
ξ˙
η˙
]
+ ϕ˙A′
[
ξ
η
]}
xy
(2.3)
where dots above letters stand for time derivatives, A is a rotation matrix, A′ ≡ dA/dϕ;
subscripts xy and ξη denote xy and ξη-components of vectors correspondingly; the
meaning of components without subscripts are clear from a context; V d(t) is a velocity
of actuator’s center of mass, its ξη-projections follow after multiplication (2.3) by A−1
and transformations:
V
d(t) =
[
u+ ξ˙ − ηϕ˙
v + η˙ + ξϕ˙
]
ξη
(2.4)
The total momentum P total is conserved with time due to the absence of external
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forces
P
total = P bf + P d = const, P bf =
[
M1u
M2v
]
ξη
, P d = mV d (2.5)
where the expression for momentum of ‘body+fluid’ P bf is a classical result, see Lamb
(1997); Batchelor (1987). Using (2.4) we write
P
total =
[
(m+M1)u +m(ξ˙ − ηϕ˙)
(m+M2)v +m(η˙ + ξϕ˙)
]
ξη
(2.6)
Let P total ≡ 0. Then (2.6) yields
V
b(t) =
[
u
v
]
ξη
=
[
λ1(ηϕ˙ − ξ˙)
−λ2(ξϕ˙+ η˙)
]
, where λi ≡ m/(m+Mi), i = 1, 2 (2.7)
Next, we express components of V b in xy-axes:
V
b =
[
U
V
]
xy
=
{
A
[
u
v
]}
xy
=
{
A
[
λ1(ηϕ˙− ξ˙)
−λ2(ξϕ˙+ η˙)
]}
xy
(2.8)
Then, we transform (2.8) with the use of explicit form of A, and split it into two parts
V
b(t) = X˙0(t) + V∗(t) or
d
dt
(X −X0) = V∗ (2.9)
X0 =
[
X0
Y0
]
xy
≡ −
[
λ2ξ cosϕ− λ1η sinϕ
λ2ξ sinϕ+ λ1η cosϕ
]
xy
= −Λξ
[
cosϕ
sinϕ
]
xy
− λ1x (2.10)
V∗ =
[
U∗
V∗
]
xy
≡ Λ
[
ξ˙ cosϕ+ η˙ sinϕ
ξ˙ sinϕ− η˙ cosϕ
]
xy
, Λ ≡ λ2 − λ1 (2.11)
X
2
0 = (λ2ξ)
2 + (λ1η)
2 < ξ2 + η2, V 2∗ = Λ
2(ξ˙2 + η˙2) (2.12)
We call X0(t) an inertial displacement, and V∗(t) - a velocity of active motion. The
inequality in (2.12) is valid since λ1 < 1, λ2 < 1 by (2.7). It shows that the displacement
X = X0(t) is localized inside the circle, smaller than a robot’s size, hence this part of
motion does not contain any locomotion. Physically, it is similar to a low of constant
velocity of a centre of mass. Indeed, for a circular body Λ = 0 and X + λ1x = 0,
which confirms this similarity. The second equality in (2.12) demonstrates a surprising
link between V∗ and the actuator’s translational oscillations. It immediately imposes an
upper bound on the speed of possible locomotion.
The results (2.9)-(2.11) still contain an unknown function ϕ(t), which can be obtained
from the conservation of a z-component of total angular momentum
Ltotal = (X × P bf )z + ((X + x)× P
d)z + J
bf ϕ˙+ j(σ + ϕ˙) = const (2.13)
where σ(t) is an angular velocity of actuator in the O′ξη-system. We choose Ltotal = 0.
Then the substitution of P d = P total − P bf (where also P total = 0) yields
Ltotal = −(x× P bf )z + Jϕ˙+ jσ = 0; J ≡ J
bf + j (2.14)
The use of (2.2),(2.5), (2.14) and straightforward transformation involving the explicit
form of A, give
−(x× P bf ) = −xP2 + yP1 = −M2vξ +M1uη
Ltotal = −M2vξ +M1uη + Jϕ˙+ jσ = 0 (2.15)
Now, the substitution of u, v from (2.7) into (2.15) produces the required equation for
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ϕ(t)
ϕ˙ = Ω(t) ≡
δ1ξ˙η − δ2ξη˙ − jσ
J + δ1η2 + δ2ξ2
, δ1 ≡ λ1M1, δ2 ≡ λ2M2 (2.16)
Equations (2.9)-(2.11), (2.16) give a full description of robot’s motion, provided that
functions ξ(t), η(t), σ(t) are prescribed. We do not restrict ourselves with any particular
initial condition, the related clarification will be given it the Example 3 of Section 4.
Apparently, there are infinitely many related solutions. Our aim is to find some simple
exact solutions for the rectilinear locomotion. We simplify the problem by considering
only time-periodic control functions ξ(τ), η(τ), σ(τ), which, (according to a well-known
theorem) produce only time-periodic solutions. Each such function has the following
properties: (i) it is 2pi-periodic in τ ≡ ωt, where ω = const is a frequency; (ii) it has
an average, defined as f ≡ 〈f 〉 ≡ 1
2pi
∫ τ0+2pi
τ0
f(τ) dτ for any τ0 = const, where a double
notation f ≡ 〈f〉 is used for avoiding cumbersome formulae; (iii) it can be split into the
averaged and oscillating parts f(τ) = f + f˜(τ), where 〈f˜ 〉 = 0 and f ≡ 〈f〉 = const.
Then V∗ is expressed in the xy-axes as:
V∗ =
[
U∗
V∗
]
= ωΛ
[
cosϕ sinϕ
sinϕ − cosϕ
] [
ξ˜τ
η˜τ
]
= ωΛ
[
1 0
0 −1
]
A
−1(ϕ)
[
ξ˜τ
η˜τ
]
(2.17)
where ϕτ =
δ1ξ˜τ η˜τ − δ2ξ˜τ η˜τ − jσ/ω
δ1η˜2 + δ2ξ˜2 + J
(2.18)
and Λ ≡
m(µ1 − µ2)
(m+M1)(m+M2)
, δi ≡
mMi
m+Mi
, Mi ≡M + µi, i = 1, 2 (2.19)
where three arbitrary control functions are:
ξ = ξ˜(τ), η = η˜(τ), σ = σ(τ); τ ≡ ωt
In the above text all the functions and variables are dimensional. However, they can be
also seen as dimensionless, which can be achieved by the use of following characteristic
parameters: mass Mchar ≡M0 +m, length Lchar ≡ max(|ξ|, |η|), and time T ≡ 1/ω.
3. Exact solutions for the rectilinear locomotion
We obtain exact solutions by an inverse method : we propose simple forms of ξ˜(τ), η˜(τ)
and ϕ(τ), after that the required motion of an actuator σ(τ) is calculated from (2.18).
For the tumbling locomotion we introduce the control functions as[
ξ˜
η˜
]
= A(ϕ)
[
ξ0
η0
]
; ϕ(τ) = −τ, Ω = −ω, Ω˜ ≡ 0; x = x˜ = A2(ϕ)
[
ξ0
η0
]
(3.1)
where ξ0 and η0 are constants. There are four parameters possessing the dimension of
frequency in (3.1): (i) ω is an oscillatory frequency of all control functions and solutions;
(ii) σ is an angular velocity of an actuator, we call it self-rotation; (iii) σorb is an angular
velocity of the actuator’s center about the centroid O′, we call it an orbital rotation;
and (iv) Ω is an angular velocity of the robot’s body. Both σ and σorb are defined in
the rotating O′ξη-coordinates. Formulae (3.1) mean that the robot’s angular velocity
Ω = −ω, and σorb = −ω. The last expression in (3.1) is obtained with the use of (2.2), it
shows that the actuator’s orbital angular velocity in Oxy-system is −2ω. The substitution
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of (3.1) into (2.17)-(2.19) and transformations yield
V∗ = V ∗ = ωΛ
[
η0
ξ0
]
xy
, V˜∗ ≡ 0 (3.2)
σ(τ) = ω(J + 2ν(τ))/j, ν(τ) ≡ δ1η˜
2 + δ2ξ˜
2 = ν0 + ν1 cos 2τ + ν2 sin 2τ
ν0 ≡ (ξ
2
0 + η
2
0)δ
+/2, ν1 ≡ (ξ
2
0 − η
2
0)δ
−/2, ν2 ≡ ξ0η0δ
−, δ± ≡ δ2 ± δ1
One can see, that the robot robot can perform a rectilinear locomotion with a constant
speed V∗ in any desired direction. At the same time (3.2) shows a surprising absence of
oscillations. This rectilinear locomotion is disturbed only by inertial oscillations X0(τ)
(2.10). Simultaneously, an actuator performs both self-rotation and orbital rotation,
where constant self-rotation σ 6= 0 can be eliminated if we allow Ltotal = jσ 6= 0.
The simplicity of (3.2) makes the tumbling locomotion attractive for practical use
in engineering devices. However, the robot’s tumbling may create various operational
difficulties, say, in observations and in manipulations. In order to avoid that, we study
the zigzag locomotion where we eliminate any tumbling by imposing conditions
ϕ = Ω = 0, hence ϕ = ϕ˜, Ω = Ω˜ = ωϕ˜τ ,
which also mean that the averaged orientations of the body’s main axes are chosen
coinciding with the X,Y -directions. For simplifying the control, we allow an actuator
oscillations only along a fixed internal rail of a fixed slope ψ
ξ˜ = ζ˜(τ) cosψ, η˜ ≡ ζ˜(τ) sinψ; (3.3)
which means that we reduce two arbitrary functions ξ˜(τ) and η˜(τ) to a single one ζ˜(τ).
Then, (2.11), (2.16) are reduced to
V∗ = V ∗ + V˜∗ = ωΛζ˜τ
[
cos(ψ − ϕ˜)
sin(ψ − ϕ˜)
]
xy
(3.4)
jσ/ω = κ1ζ˜ ζ˜τ − ϕ˜τ [J + κ2ζ˜
2], 2κ1 ≡ δ
− sin 2ψ, 2κ2 ≡ δ
+ − δ− cos 2ψ (3.5)
The average rotation of an actuator vanishes σ = 0 if 〈ϕ˜τ ζ˜
2〉 = 0, such a choice allows
a further simplification of the control functions (Note: one can make σ ≡ 0 by allowing
Ltotal 6= 0, without any changes in all other results). We are looking for the exact solutions
in the form
ϕ˜(τ) = ϕ̂ sin τ, ζ˜τ (τ) =
∞∑
n=1
(an cosnτ + bn sinnτ); n = 1, 2, . . . (3.6)
where ϕ̂, an, bn are constants. Next, we substitute (3.6) into (3.4)-(3.5), which (in a
general form) produces a rather cumbersome expression. However, there is a drastic
simplification of an averaged velocity, after the use of the following Fourier series, see
Watson (1995), p.22
[
cos(ϕ̂ sin τ)− Ĵ0
sin(ϕ̂ sin τ)
]
= 2
∞∑
n=1
[
Ĵ2n cos 2nτ
Ĵ2n−1 sin(2n− 1)τ
]
(3.7)
where Ĵn ≡ Jn(ϕ̂) are Bessel functions of the first kind. The use of the Parseval’s equality
leads to the following expressions for a constant averaged locomotion velocity and to the
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distribution of energy between the averaged and oscillatory motions
V ∗ =
[
U∗
V ∗
]
= ωΛ
[
W1 cosψ +W2 sinψ
−W1 sinψ +W2 cosψ
]
xy
;
[
W1
W2
]
≡
∞∑
n=1
[
a2nĴ2n
b2n−1Ĵ2n−1
]
(3.8)
V
2
∗ = ω
2Λ2(W 21 +W
2
2 ); V˜
2
∗ = ω
2Λ2
∞∑
n=1
(a2n + b
2
n)/2−W
2
1 −W
2
2 (3.9)
where the second equality (3.9) is obtained with the use of (2.12). Expressions W1
and W2 can consist of finite or infinite number of terms, depending on our choice of
coefficients in (3.6). From (3.8) one can conclude, that the direction locomotion can be
chosen arbitrarily. Since the coefficients an, bn can be also chosen arbitrarily, than |V∗|
can be as high as we wish. For decreasing the oscillatory motion of the robot we accept
in all the examples below that all odd coefficients a2n−1 = 0 and all even coefficients
b2n = 0. Such a choice of coefficients keeps the averaged locomotion unchanged.
Notice, that in the zigzag regime any change of locomotion direction of or its speed
does not require any changes of the robot’s body orientation.
4. Examples:
The expressions (3.8), (3.5), (3.6) are very general, here we present some clarifying
special examples.
1. Four particular classes of the zigzag locomotion: The rail’s orientation along
the main axes ξ or η leads to
ψ = 0 : then V ∗ = ωΛ
[
W1
W2
]
; ψ = pi/2 : then V ∗ = ωΛ
[
W2
−W1
]
(4.1)
One can see that the direction of V ∗ in one case can be chosen arbitrarily, while the
second direction is perpendicular to the first one. Both W1 and W2 can take any values.
Alternatively, for arbitrary ψ, when we take W1 = 0 (by taking all an = 0) or W2 = 0
(by taking all bn = 0), then for all n we obtain
W1 = 0 : V ∗ = −ωΛW2
[
sinψ
cosψ
]
, W2 = 0 : V ∗ = −ωΛW1
[
cosψ
− sinψ
]
(4.2)
In these two cases the directions of V ∗ are again mutually orthogonal, in addition they
are directly linked to the rail’s orientation. One can see that cases ψ = 0 and ψ = pi/2 in
(4.2) show that the oscillations of an actuator along one main axis lead to the locomotion
in a perpendicular direction of another main axis.
2. A simplest case of the zigzag locomotion: Only one nonzero term in (3.6)
yields
ζ˜(τ) = b1 sin τ, V ∗ = ωΛb1Ĵ1
[
sinψ
cosψ
]
(4.3)
2jσ(τ)/ω = −ϕ̂(2J + κ2b
2
1) cos τ + κ1b
2
1 sin 2τ + κ2b
2
1ϕ̂ cos 3τ (4.4)
One can see that the direction of V ∗ still can be chosen arbitrarily by the choosing
of rail’s orientation. The required actuator’s angular velocity σ = σ˜(τ) (4.4) represents
pure oscillations of the first three harmonics, when σ ≡ 0. The maximum speed |V ∗| ≃
0.58ωΛb1 takes place at ϕ̂ ≃ 1.84, see Watson (1995), p.669. The ratio between the
oscillatory and locomotion energies may be presented as 〈V˜ 2∗ 〉/〈V
2
∗〉 = (1/2Ĵ
2
1 ) − 1; at
ϕ̂ ≃ 1.84 this ratio is about 0.16. Hence, one can see that the finite amplitude zigzag
locomotion can be rather efficient.
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3. The role of initial conditions: One may notice that the solutions (3.6) or (4.3),
taken in the class of continuous functions, do not correspond to the initial state of rest:
U = V = ξ˙ = η˙ = ϕ˙ = σ = 0 at t = 0 (4.5)
At the same time, in the physical interpretation, self-propulsion is a motion, which starts
from the state of rest. However, our choice P total ≡ 0 and Ltotal = 0 makes the initial
conditions (4.5) unnecessary if we allow an impulsive start. Indeed, if our robot is moving
arbitrarily and an actuator abruptly stops, then any motion of the robot and a fluid is
instantly and completely halted. Indeed, any motion of a rigid body with the zero values
of above integrals is impossible. Then, using the invariance t → −t one can reverse
this process and see that any motion can abruptly appear from the state of rest after an
actuator instantly starts moving with finite speeds. Hence, a difference between a smooth
start of robot’s locomotion or its impulsive start is not essential for our case, both these
regimes can naturally appear from a state of rest at t = 0. Nevertheless, let us also briefly
describe the solution with a smooth starting. In this case one may replace (3.6) with
ϕ˜(τ) = ϕ̂ cos τ, ζ˜τ = ζ̂(cos τ − cos kτ) (4.6)
where ζ̂ is a constant, and k > 3 is an odd integer. Calculations show that in this case
V ∗ = ωΛζ̂(Ĵ1 − Ĵk)
[
sinψ
cosψ
]
(4.7)
which is qualitatively similar to (4.3). One can find that in this case all the conditions
(4.5) are valid.
4. Linearization in the robot’s angle: For ϕ̂ ≪ 1 a linearized version of (3.8)
represents a special interest, since it can be used as a test example in asymptotic theories.
In this case (3.8) yields:
V ∗ =
1
2
ωΛb1ϕ̂
[
sinψ
cosψ
]
, ζ˜(τ) = b1 sin τ (4.8)
where we use Jn(ϕ̂) = (ϕ̂/2)
n/n! + O(ϕ̂2). We emphasise that (4.8) contains only
one Fourier coefficient b1, while all other coefficients of (3.8) appear only in nonlinear
approximations. The amplitude b1 in (4.8) is still arbitrary. The direction of locomotion
and the oscillations of an actuator are the same as in previous example. For correct
comparison with asymptotic theories, we notice that another small parameter can appear
in (4.8) as Λ ≪ 1, if the robot’s shape is only slightly different from a circular cylinder.
In this situation one can take ϕ̂ ∼ ε and Λ ∼ ε hence |V∗| ∼ ε
2. One may recall that the
swimming velocity of order ε2 (where ε is a small amplitude of oscillations of a swimming
machine or a living creature) is typical for a viscous fluid, see Lighthill (1952); Childress
(1981); Pedley (2016); Pedley, Brumley & Goldstein (2016); Vladimirov (2013a,b). It
shows that the considered inviscid mechanism of self-propulsion is at least as efficient as
that in a viscous fluid.
5. Linearization in the robot’s angle and in amplitude of displacement: A
linearization in both ϕ̂ ≪ 1 and b1 ≪ 1 keeps V ∗ the same as (4.8), while σ(τ) is
drastically simplified:
V ∗ =
1
2
ωΛb1ϕ̂
[
sinψ
cosψ
]
, ζ˜(τ) = b1 sin τ, σ˜(τ) = σ̂ sin τ ; ϕ̂ = −jσ̂/Jω (4.9)
Here we again obtain the quadratic in small amplitudes locomotion, provided that the
value of Λ is not small. An internal parameter b1 ≪ 1 is not related to the shape of the
robot, therefore this example represents a physically different (from the previous one)
asymptotic solution.
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6. A numerical estimation of the locomotion speed follows from (3.2) and
(4.3) where |V ∗| ≃ CωΛmax(|ξ|, |η|), C ∼ 0.5 − 1. The estimation of Λ (2.19) may be
obtained if we accept that the robot’ body is an ellipse with semi-axes α > β. It gives
virtual masses µ1 = ρpiβ
2 and µ2 = ρpiα
2, where ρ = const is the density of a fluid.
Apparently, the robot operates in the conditions of neutral buoyancy M +m = ρpiαβ.
Then Λ = g(1−h)/(1+g)(1+h) where g ≡ m/M and h ≡ α/β. Taking g = 1/2, h = 2 we
get Λ = −1/9. The choice of experimental parameters ω = 1Hz ≃ 6 s−1, Λ ≃ 0.1, and
max(|ξ|, |η|) ≃ 1m yields |V ∗| ≃ 0.6Cm/s, which for C ∼ 1 represents an impressive
result. Certainly, for small oscillations (see Examples 5 and 6) the speed will be much
lower. The increasing of ω gives an opportunity for faster self-propulsion. It is interesting,
that the averaged locomotion speed does not depend on the size of the robot, as well as
on the direction of propagation.
4.1. Concluding Remarks
Controllability. The question of controllability of the robot is solved above, since the use
of a rectilinear trajectory (or a trajectory, consisting of several rectilinear parts) allows
a robot’s locomotion from any point of space to any other point. An interesting question
of robot’s stability or stabilization , see e.g. Woolsay & Leonard (2002), remains open.
Three- dimensional generalizations. The above theory can be straightforwardly ex-
tended to a three-dimensional disc-shape robot, which performs only plane motions.
Interaction with boundaries. An oscillating/vibrating body is usually attracted/repulsed
by an external boundary or by other moving bodies, see e.g. Cooke (1882);
Lugovtsov & Sennitsky (1986); Vladimirov (2005). In a viscous fluid it can also
perform an efficient exchange in angular momentum, see Moffatt (2019). Hence, for a
practical use of an oscillating robot, one should take into account its interactions with
various boundaries, which could be used as an advantage for some applications.
Separation and Wake. The issue of a flow separation and wake for the considered
periodic motions remains open. One may assume, that the full control of the robot’s
shape allows to optimize a real flow structure.
Technical potential. Possible technical developments may include underwater robots,
torpedoes, remotely operated or autonomous underwater vehicles, up to submarines.
The described robot has no external moving parts, which means that it might be silent,
stealthy, reliable, cheap for manufacturing, and efficient. It eliminates many pieces of the
drivetrain with a directly driven propeller.
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FRS, and H.K. Moffatt, FRS for reading this manuscript and making useful comments.
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Kapanadze, and M.R.E. Proctor, FRS for helpful discussions. This research is partially
supported by the grant IG/SCI/ DOMS/18/16 from SQU, Oman.
REFERENCES
Batchelor, G.K 1987 An Introduction to Fluid Dynamics, CUP.
Benjamin, T.B., & Ellis, A.T. 1966 The collapse of cavitation bubbles and the pressures
thereby produced against solid boundaries. Phil. Trans. Roy. Soc. Lond. A 260 (1110),
221–240.
Benjamin, T.B., & Ellis, A.T. 1990 Self-propulsion of assymmetrically vibrating bubbles. J.
Fluid Mech. 212, 65-80.
Chambrion, T., & Munnier, A. 2011 Locomotion and Control of a Self-Propelled Shape-
Changing Body in a Fluid. J. Nonlinear Science 21, 325-385.
10 V. A. Vladimirov
Childress, S. 1981 Mechanics of swimming and flying, CUP.
Childress, S., Spagnolie, S. E., Tokieda, T. 2011 A bug on a raft: recoil locomotion in a
viscous fluid. J. Fluid Mech. 669, 527-556.
Childredd, S. at al 2012 Natural locomotion in fluids and on surfaces: swimming, flying, and
sliding. The IMA Volumes in Mathematics and its Applications. 155, Springer.
Colgate, J.E., & Lynch, K.M. 2004 Mechanics and Control of Swimming: A Review. IEEE
J. of Ocean. Eng., 29, 3, 660-673.
Cooke, C. 1882 Bjerknes’s hydrodynamical experiments. Engineering, 33, 3, 23-25, 147-148,
191-192.
Cui, C., Yang, Y.G., Sharma, S. 2017 Adaptive neural network control of AUVs with control
input nonlinearities using reinforcement learning. IEEE Trans. Syst. Man Cybern. Syst.
47, 6, 1019-1029.
Elgeti, J., Winkler, R.G., Gompper, G. 2015 Physics of microswimmers single particle
motion and collective behavior: a review. Rep. Prog. Phys. 78, 056601.
Nadal, F. & Lauga, E. 2014 Asymmetric steady streaming as a mechanism for acoustic
propulsion of rigid bodies. Phys. of Fluids 26, 082001.
Ilin, K.I., Moffatt, H.K., Vladimirov, V.A. 2017 Dynamics of a rolling robot. Proc. Nat.
Acad. Sci. USA 114, 49, 12858-12863.
Kelly, S. D. 1998 The mechanics and control of robotic locomotion with applications to aquatic
vehicles. Diss. California Institute of Technology.
Kozlov, V.V., Onishchenko, D.A. 2003 The motion in a perfect fluid of a body containing a
moving point mass. J. Appl. Math. Mechs. 67, 4, 553-564.
Kuznetsov, V.M., Lugovtsov, B.A. & Sher, Y.N. 1967 On the motile mechanism of snakes
and fish Arch. Rat. Mech. Anal. 25, 5, 367387.
Lamb, H. 1997 Hydrodynamics, 6 ed. CUP.
Lighthill, M.J. 1952 On the squirming motion of nearly spherical deformable bodies through
liquids at very small Reynolds numbers. Commun. Pure Appl. Math. 5, 2, 109118.
Lighthill, M.J. 1975 Mathematical Biofluiddynamics, SIAM.
Lugovtsov, B.A. & Sennitsky, V.L. 1986 Motion of a body in a vibrating liquid. Dolady
USSR, 212, 3, 1086-1088.
McHenry, M. J., Azizi, E. & Strother, J. A. 2002 The hydrodynamics of locomotion at
intermediate Reynolds numbers: undulatory swimming in ascidian larvae. J. Exp. Biol.
206, 327343.
Melli-Huber, J. B. et al 2006 Motion Planning for an Articulated Body in a Perfect Planar
Fluid. SIAM J. Applied Dynamical Systems 5, 650-669.
Miloh, T & Galper, A. 1993 Self-Propulsion of General Deformable Shapes in a Perfect
Fluid. Proceedings of The Royal Society A 442, 1915, 273-299.
Moffatt, H.K. 2019 Self-Exciting Fluid Dynamos., to be published, CUP.
Pedley, T.J. 2016 Spherical squirmers: models for swimming micro-organisms. IMA
J.Appl.Math. 81, 488-521.
Pedley,T.J., Brumley,D.R. & Goldstein,R.E. 2016 Squirmers with swirl - a model for
Volvox swimming. J.Fluid Mech. 798,165-186.
Quillen, A.C. et al, 2016 A Coin Vibrational Motor Swimming at Low Reynolds Number
Regul. Chaotic Dyn. 21, 7-8, 902917.
Saffman, P.G. 1967 The self-propulsion of a deformable body in a perfect fluid. J. Fluid Mech.
28, 2, 385-389.
Taylor, G.I. 1951 Analysis of the Swimming of Microscopic Organisms. Proc. R. Soc. Lond.
Ser. A 209, 1099, 447-461.
Vetchanin, E.V. & Kilin, A.A. 2016 Control of body motion in an ideal fluid using the internal
mass and the rotor in the presence of circulation around the body. arXiv: 1605.03823v1.
Vetchanin, E.V. & Kilin, A.A. 2016 Free and controlled motion of a body with a moving
internal mass through a fluid in the presence of circulation around the body. Dokl. Phys.
61, 1, 32-36.
Vladimirov, V.A. 2005 Vibrodynamics of pendulum and submerged solid. J. Math. Fluid Mech.
7, S397-412.
Vladimirov, V.A. 2013a Dumbbell micro-robot driven by flow oscillations. J. Fluid Mech. 717,
R8-1-716 R8-11.
A theory of flying/swimming saucers. 11
Vladimirov, V.A. 2013b Self-propulsion velocity of N-sphere micro-robot. J. Fluid Mech. 716,
R1-1-716 R1-11
Watson, G. N. 1995 A treatise on the theory of Bessel functions, Cambridge Mathematical
Library edition, CUP.
Woolsay, C.A. & Leonard, N.E. 2002 Stabilizing underwater vehicle motion using internal
rotors. Automatica J. IFAC 38, 12, 2053-2062.
